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ABSTRACT

This paper presents a new approach to the analysis of finite element
methods based on C°-finite elements for the approximate solution of 2nd order
bounduery value problems in which error estimates are derived directly in terms
of two mesh dependent norms that are closely related to the L2 norm and to
the 2nd order Sobolev norm, respectively, and in which there is no assumption

of quasi-uniformity on the mesh family. This is in contrast to the usual analy-

sis in which error estimates are first derived in the lst order Sobolev norm and

subsequently are derived in the L2 norm and in the 2nd order Sobolev norm - the
2nd order Sobolev norm estimates being obtained under the assumption that the
functions in the underlying approximating subspaces lie in the 2nd order Sobolev

space and that the mesh family is quasi-uniform.
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_tions, there being n subregions in each of which any member of Sn is linear.

%ﬂé;"*":@w— SV

the form "u = unH < C h” are known, where h is the size of the largest mesh

SIGNIFICANCE AND EXPLANATION

Over the last twenty years there has been an extensive development of finite
element methods for the approximate computer solution of problems in continuum
mechanics (fracture, combustion, fluid flow, etc.). The exact solution u that
we are looking for satisfies a differential equation boundary value problem. We
seek an approximation u to u in a well-defined family of approximating func-
tions sn' For example, Sn might consist of continuous, piecewise linear func-
We w;uld expect that the larger n 1is, the closer “n is to u.

The key type of result used in the theoretical justification of such methods

is an estimate of the form

(*) lfe = u [l = ¢ infjfu -2l .
XeS
n
Here the norm "u - v“ denotes some measure of the difference between u and

v. The right hand side is a constant (independent of n) times the lower bound
of the difference between u and any x in Sn' This estimate reduces the pro-
blem of determining the error in u, to a much easier one in approximation theory;
namely, how closely can u be approximated by a X in Sn.

There are several non-ideal features of the existing theory —-fgr certain

norms, estimates of the type (*) are not known (in many situations estimates of

subdomain and o is some positive constant), and for certain norms quasi-uniform

meshes are required (meshes for which the ratio of maximum to minimum mesh size is

bounded independent of the maximum mesh size). As a consequence, local mesh re-
finement is not accounted for. The present paper presents an approach to such
methods in which (a) estimates of the type (*) are obtained, (b) the results are
valid for arbitrary meshes, and (c) local mesh refinement is properly accounted for.

The responsibility for the wording and views expressed in this descriptive summary
lies with MRC, and not with the authors of this report.




T PO PR S

"EPPE (T-0y)3 3IDea3u0) zepun Abiauz jo Juawizedad 3yl Aq pure [GETU-PLSIW Due

£9690-9.S3M "SON 3UPID IPpUN UOTIPPUNOJ PDUSTDS TPUOTIPN 2yl AQ pa3zzodins »iom uodn pusvq
ST TeTINWW STUL °PpZ00-D-SL-6ZOVVO °*ON 3IDIJUOD Idpun Awly S$23eIS PajTun 3yl 4G pazosucds
‘UOSTPEeR-UTSUODSTH 3O A3TSIBATUN ‘133uad

YoIeasady SOTIVWAYIRH pue yaed 2631100 ‘puerdiey jo A3ysiaarun ‘SOTIEWIYITH 30 ILoUITiang
*%Ied 20I[(0D ‘pURILEy

Jo A3¥SIvdATUn ‘SOTIRWAYIeN JO Juauniedsg pue ABoTouysal pue 2OUITDS TEITSAY4 103 83In3TIcuUT

-

AL AR

0113 °PIONPOIIUT 2ae ‘A1aay3ioadsax .nl.—oconz pue ~u 2Yy3 03 Dpa3je[a1 AT0s0TD 81 IPYI SWIOU

juapuadap Ysaw oml pu? STyl premcl ‘K sY 3 1331 ysaw buOIIS YOTum U SuUOTIPNITL Ul

AR s 3 4l

jue3xoduy ST SeYITwWej Ysow AIeI3TqIe JO SUOTILISPTSUOD DYL *SIT[TWe) ysow AIeI3TQIP Lue S3uew

-219 3«=uuoou SI2A0D 37 3eY3 O8 Yoeoaxdde STY3 puaIxad o3 zxaded SIY3I 3O d:odind oul sv 3]

ol

*SIFIYWeJ ysauw urojrun-isenb pue sjuaRTI au..::.«:au saixtnbaa stsiteue s5ry3l ‘xasamon  cwicu
8 %1 ou3 st ||+|]| epue ‘@cedsans bur3ewrxoxdde ay3 st Us +uorantos srevtxoidde sy
nwwx

sY “n ‘uoTINTOS 3OEX? ay3z ST N 3IdYm .__x ~ alj 3ur Y ;:: - nll 2di3 8yl 30 s3jeuTass

®xe ‘*9°Y ‘adAy Tewr3do-ysenb jJo 21e sajeWTIIS? JOIID BU3 IAIOWIIYIING .—: uT SI7 30u sacp

<

UOTINTOS Y3 YOTUM UT Ps®d BY3 SaTpuey Aem Ternjeu e ur pue ‘ H pue

: 7 Ul Sa3TwWIST o3

At3o9atp speal yoeoxdde syyl - ([9 *dD ‘z] *b°d ‘@as) auop AlTensn ST Se ‘i x H 3O pesisur

gt s
.M: ("} u_: x u.u uo PIAIIPTSUOD 8Q UED WIOj IeSUTTTq buTATIapun 9yl Iy} uUMOUX OST® ST 1Y
.

-swarqoid anfea Ayepunoq Jutod oMl IO POYIBW JUBWSTD SITUTJ 9Y3 O3 G UOTIVIS UF SITNSSX 9Y3 3JO

(*zeded Y3 UT pasn UOTILIOU Y3 IOJ § UOTIDIS ¥3S) ..: UT S317 uOIINTOS BYa eyl

Suoy3edTTdde SUTPIUOD 9 UOTIDIS € UOTIDAS UT PIJNPOIUT Swiou JUSIPUadap ysaw Y3 03 3oadsax

sa1tNbex yoeoadde STyl “wxojyun-1Senb sY ATTwej ysow aYya ILYI pue (SIUswWITD ou::.uuau but

-170bax) n: uy 9T[ @dedsqns burjewrxoidde HUTATIIpuUn SY3 UT SUCTISUNJ SYI IPYI UOIIATSSE Iyl

Y3TA UOTITPUOD AITTTQRIS 3yl 3O Jooid 3yl — zeded ay3 JO SITNSII UTPW IY3 SUTPIUOD § uoT3dNS

“SSAT25WOY3 UT 3ISIIIJUT BWOS JO ‘I13AdmOY ‘d1e Ady3 !G UOTIDAS UT pasn axe UOTIOBS STYI z
B = 5 I9pun pauYe3Iqo buTaq SajewTISd IOIID Eoclnm Y3y — sno:onx 833 uT pue wiou-“7 Y3 UT paatzep
UT S3TNS3X YL ‘e > d > 1 Azex3rqie 103 ‘T =— + - Y3ITM ‘' H x _H uo wIoj IeUTTIq ©
1 1 To To axe Arjusnbasqns pue Eoclaz 9Y) UT PIATIIP ISITJ aIe SIJLWTISI J01xa ‘suorizenda oizdirrre
$P wWaTqoId INO 10 WIOJ IPSUTTTQ OTSEq BYY IPaIl 9M p UOTIdAS ul “zaded ay3 Ul pasn sadeds
19p10 puz o3 urejxad Asyy se ‘Spoyladuw yons 3O STSATPUE 3Yy3 03 yoeoidde prepuels sow Iyl uy

pu® suIou Juspuadop Ysaw 2yl IJNPOIIUT M € UOTIVAS Ul “swa1qozd anTea Arepunoq pajernuwiod

*suoyjenbe [eYIUIIIITP I0j SWATQOIA INTePA AIepUnoq 3O UOTINTOS 23pwrxoxdde 2yl 10 Spoyldw

et M, RPN, it s

Atreuotieraea 3O SuoTInTos 2jewrxoxdde 3yl UO SITNSIX JORIISqE MITASI DM Z UOTIOAS UT

JUDWRT3 IITUTI JO JUBwdOTIAIP SATSUIIXD Ue UIIQ Sey 91du3l saeak [eIdAaS 3£T] 2aya durting
-13ded HuTWOOY3IXOJ ® UT UIATH 3q TTIA swarqoxd TeuoTSUSWTP

uoTIONpPOI3uY %

234ybTy 03 SUOTSUIIXI -waTqord [IPOW TPUOTSUSWTP JUO ® O ISED 3Y3 UT N0 Patared ST yoeoxdde
z

A L S e R il

ayr -wzou-%7 sy3 uo peseq swrou 3sn( 3o pessuT ‘e 3 d 3 T ‘wrou-%1 sy wo paseq axe g o0 SLRtel  SaEnQeR SE

SUIOU 3YJ YOTUM UT UOTIENITS TeIaUIb IYJ Jeall osSTe 9N °SITTTWRI Ysaw urojtun-rsenb xo0 sjuaw SWHON LNIINI4IA HSIW ONISN SWITEONE INI¥A AE¥VCONIOE

-a12 u:gannu 30 uotadumsse Ou YITA ‘SWIOU 9SOY3 JO SwIa} UT ATIDBITP PIATIIP dIe SIIPWUTISD YIMIO ANODAS ¥OJd SAOHIAW INIWITI ILINTS S0 SISRATENY

-
- Sy e A R




<.n= =<.~mu: o \~ c.a__< " ®I3y3 (Y WRIOYL °3d) (p°Z) 3O @duanbasucd e sy ‘Y 3O
4 u-a Jur  ((O/0+ 1) ¢

pre
91
. s .

Yix-a) ur E/oen sV %oy (292}

“{g'n) T @eIoREL
&
‘A - A pue 4’ -n SI0113 U3 103 SIIewTrISI Tejuawepuny 3Y3l 331235 MOU B4
JUNSSL SA DU ‘A IALIORAS 1 . / = 5 10 sS30ed3MS TRPUOTSUSLID &

vt

V"1l 3 n e 203 .?:.;..z - A..>.3<mJ

S 3soddns aAa pua STUY DIeMOJ " (£°Z) jO uOT3INTas 3Ijewrxcordde 3yl Lon

*wayrqoxd (3NTeA AZEDPUNOT) DIJPTNUIONI ATTRUOTIPIIPA ‘1D0I131SAR U Se (€°Z) o3 1323

AqQ (a 30 uor3jdafoxzd - ¢ vt

s oo A jo uorasaload - Ya aus aurjep ues am vz

€ 3ybra) § 03 39adsax yatm

. VY
X ? A Yoea 103 ‘OSTY X 3 n

v

7T
Yoea 103 pautrjep st uotridaloid styl °n  jo uoridafoid -

o vt
‘30 *' “s o3 30sas3x yITA

€ 13391 33 se ‘Arjyariq 2zom

S ©ojuo n jo uoridaloid - <n ay3 se n o2 13331 am snyy

V2554 qre 103 (am¥g = (am)Ye

v AW 3 95 pu® (Y°Z) 3C 3duaInLssuUOS { ’ UO puaacen

Aq peztiaioeIeys 9q osye ues 'n

T13dza 2UI GO ILpuIRWeI 9YI I et uMsse 54 (9P Z) WOII SAOTT
3 ®p T Iw < o UOTANTIOS jJJexd 1 ol usi}jes
~EXS2QCR UTHIITzO-2 ¥ 303 5T o { ST 30 WIISAS TeUTY 2

U7} 3TGTATOSIL ATrmuorieindmod ST (GCZ) ‘TRUOTSUdWTD I TUTY Siv

o ipITISTIVS 3Iv HUIMOT[0F AN asoadns am
§ar3siies 'n ‘uor3irppe ur i e
331 pue ‘Araaridcaasax ¢’ . pue LS SWIoU y3ITM 3as

(A)3 = ;.c:,qm YITm ¢ I133j9wered 9yl AQ paxapulr; saoceds YOPUPH SATXATIar ami ag
(s°2)

warqoxd ay3 o3 “n uoryn(os anbrun e sy

.\\‘.........,.umum-mu_.-agmu_u..-.u-_p.-_a
EFRTOTIONES XETTvnd 15t B 3D wlwn




ey

il

TEL S 2

g

—

0aq 01 GFHST

weaqwy,

DINg X100 NOMA

FIIYOITOVEL ALITVAD ISTE ST DV SIAL

~Q-

-G~

9
e n..n. ? 3 1r1e 303 (£°Z) O3 SUOTINTOS O SSPUINDTUN PUP BOUIISTXS U3 YITM DPIILTOOSSE

A13031Tp 3som ST (2°Z) 3IPY3 930N ‘PION TeIBUSD U J0UURD (Z°7) OSED SATXI]JSI-UOU DYI U]

"PYTRA 21P (Q°Z) £23IPWI3S3 2y3 uauy

T

s>n qreao; @am’e = (Yarny Q)
|

AQ A 30 <> uor3oefoad - .,.n Ybrs 3ul surzep am ....Nk s A 103 pue
.
. v ~m 3 A 11e 103 .~>.3<n a .>.<3m
9 .
Am 5 “n

o T

Aq n 3o 'n wuorysafoid - ‘g

.
3IJOT OYy IUTISP I v nun 3n 104 °"proy (p-Z) pue (1°Z) @soddns pue ‘saseds yoeueg yeasueh

. . g
v uk YItA ‘aaoqe se aq v v «w r

<s
an pue € pue ‘zZ'tT =1 ¢ wx IV M SnYL  TmDU STIUD

YoIdNS A1J3TIQ 9M °SITNSIX AS3YI JO UOTSIDA 3DRAS YOPURE [BI-UAH B3 PIBU OSTE [[IM b

cuorjdumsse A3T[TQe3s 2u3 pPaAl[ed sl (ep-Z
‘uoridunsse Jofew syl ST (Pp'z) SUOTIEPOTIdde ISOW UT IPYI YIPwas am ‘A7ipury

YTy

i 3

*0392z 03 <rual

'
vV 30 yabuay ysow wnmwIXew ay3j se 0x3Z 03 spuay vt X-n 3IPY] UO JCLNSSP Syl Aalca

-Ut pInOA STY3 ‘suorjedtrdde JuswaTd 83TuT3 Teo1dAy 104
v am Y

‘uoridumsse A3riiqruwixoadde ue ST
-st3es | } Artwe3 ay: papraoad

q.q.x ur IIT 1™

N -~ N 103 23LWI3ISd 2DUIDISAUOD © SIPTAdIL (PY°P) a3Pw

-T3S? 2yl snylL ‘Y 11e 103 (€°2) 30 N UOTINTOS Byl SUOTILITTUCE ISIYI U]

4 Cis 0%

“({z *dD ’Z] "39) V 30 3udpuULAIPUT IQ TTIm ‘Iendmoy ‘CD pur o

Ll 1
pusasp (1t ' 's pue ¥

J S3uvr3suos 233 T uc
g
‘A sededs 8yl y ~q ‘I3pTSUOD amM suotrjeotrdde auy ur L uo puadop

‘9S1N0O 3C ‘pue UTPWOP 3WOS JO ¥ YSow © 03 309dSI1 YIIM SPTWOLATOC 0STMntati 10 soseds

- ,
axe A1reostddy ' ‘s saoeas oyl .mk. x J... UO WIO; PAIXTI B ST € = 'g

pue saoeds yoou

SATXIT391 pPOXY < vz T VL Sigis an c ?
TXa1391 PaxI] axe )y = % pue Yy = y'e 9°T 'Y uo puadep U 00 g wioj oyl
' .
pue v Nk. pue v .ﬁk Saoceds 9yl UOTIIDSS STY3 UT SITNS31 3yl ;o0 suorze:ydde fuew ug
“sTsAyeue
. “S91ewrISd JOIXd TewT3dO-TSeNnd PAaf[ed aie sar3ienbaur osoy
INo 3333j% Jou [TTA (Z°Z) PAuUMSS® J0U SARY A Jey3 D3 ay3 ‘ (sardyourid IIY30 WOIF) umOuY
‘i : - 8
87 SSousnbyun pue IOUIISTXP YOTYA 10] SWATQOId JO SSPTOQNS ® YITA HUTHION 3Q T[TA M PoUTS (ep°Z) pue (1°2) Ut se O pue 5 uytm
- - . ~ . -
e e i ; i
ba J L S B
v - e .
_ sale o g i ikt o —

SR WY

,,
{
'.
:
2
w
I
%
>

VTR,

T SO




4]
IBysa pe mIon a0
z v

(a'm)g = (A + ,a,00) [ = (a'm)'e )
1

nn non .1.«... >a e ve % . -.M.. > ("oreeeTo tmyan 105

. £ T=f b T=f v

CzacteCze ] -mad + (am-n [ (.= (am)'e

- u

Aq peuyzep oq proous Vg esyo
uo.-._»uooSCoo.nn.r =3 E31 .—nu.ml «- pue .n-u L 4 Mm U} 8q 03 paIepIsucd Sy
@ 4 5 (VeeeeoYp ‘a) =8 Wewsre we sy “Surddew STI USROTR | N @ % uyp quem

-319 U POIIPYSUCO SF ‘T-u > § > T oty 3¢ SNONUTIWOO R RTA :-.-d >n ‘Arreasusd sIoN)

. va d A S d
ell.ulsl. 73 ((C xX)n’ ..u-n..u-n.o.-.anm
L
buyddeas a3 Ybnoayy v M—. U} PIOJTUNE JRSUI] ® POASPTSUCD
s¥ Mu ‘UCTITFFFIUPY ST ISPUN ‘1 N .:u.. 3TA POTJTIUSPY B8q U <.M= ‘e>d 3%

‘saoqe 3INO PIIUTOR SV I ? X 3203 O < (X)2 0 < %< (e pur ‘(I)2 23 ‘(1) 0> % sams

¢

£ £ £ =f 1 1= v
Uz actam(me - xp(ad ¢+ ,av)-ln [ (e (a‘n)E - oece)
1-u u
suyzep N .nn.—momg «>b d3 1 saeya .<.lv> pue <.M=ws 04
I o R/ ve, _ W
e__lc_-x.- u:nnn 31!2- Z=d sse
I UL CISTA® SITET] POIEDTPUT B3 210J9I3Y3 pue X Yowe 103 .#: _. 3 n_s VuYS pauyj

nn\n fx X

-op 118 4T PR I s30u on < (X),n WL - (x),n, w1 = (Fm)n - .n ¢

X),N = ("X),0L SIWYA

‘ L S S w1
¢ m=d n...‘._a-o xvm 4+ === xem 4.._
= ey
oY ¢ | £ _ulnw nu.m.a_ __Tﬂw "
@«>a>71"* (4241 %) 00 + n ) [t 44 4
a/t =td 1-u m_ u

¢ ‘
C et g fnns oo o m

Aq pautj
- s} d.nl ‘e=d 37 (I)D MIAPU «>d>T 3F 1-u o8¢ (D q Y3t patzIIuapT aq
. AL
vd o 4 ved
ued on =.= 03 Idedsex ITA S.uw_ 30 uoTIaTdmoo Y3 99 03 c: 2urzap uayy pre
L%
oed W00 e
H
- 0 N ~
o ﬂ dln uot
e>d>1* .m_.u:._ e w._aa_.._ b (e

9N .CM: 30 203 U ysauw 2y
.

uo pusdep WM — e > d3 1 .<.M= pue c.M__ — .seovds AU OAM3 PUTIap mOU
4
.nnuln (VU= pue ‘T-u...’T=f{ 303 u\%o«r o . n., Ueei'T =

ﬂl - I - nn 398 pue [T‘0) = I T[PAI2IUT 3KI UO ysau

Arex33qre ue oq ‘ze603uy GAjITsed ¥ = (P)U = U 33yn ‘(1 = .-nv...van > % . G =9 v

103 "= o fr pue

-

anp sjoM -1 «.u__..- - .n__n__ pue x.. . UOTITIOU Y3 SN oA 7 = d ased Terzads aya

ur °I uﬂluﬂ;‘uuﬂiiug%uuo .:: 30 dsqrs 213 s P ~:r

o=f
* emd ¢ _.Cn_ﬁiso w
. . rda,
3 L e
‘ @m>d>71 * (xp, n )
an T xJ

Aq uSATH mIOU TensSn I IAPY Ia sowds ST\2

wo .-:ﬁd UT SSATIVATI®P XY Y3ITA SUOTIDUN] jo BUTISTSUOD n- UT I TPAIUT ue Uo acels
AST0Q0S (AN O3 SOUP TIIA ‘e > d > T'«ea’'T°0 = X ..:u_. - “.. 2aced ay3 InoydnoOIuL

rzadel o3 ut

oSN [TTA 3R IvY3 Sm103 pue ‘smaou P P USaw I SUTIIP am UOTIDDS STV U

s9owds pue sulcuy Juapuadar uUsax °f




s
e m
_, S 3 ‘T=Db pue wwd 203 SPIOY OST® IFT UMY ‘e = b pue [ = d 303 SprOY (Z°¥) m
4 3
| 3T I*Q 3j0u OSTP 3N " (¥Z°p) WOIJ SAOTTOZ (4Z°P) ‘TPUOTSUSMTP 9ITUFF ST <n @duys “jooad m.
v <wv= m
© 'S3A40 W3 ‘ 0< _?.::_ dns @z-v) B
puw
b d
.n:-.. a:_o.
= “Clialla= sl
- z i <wu> <wu=
‘9 Jo3uspuwedepur (D ‘0< D < |[(a’m)g] dns Juy (ez°v)
usyl °‘w > d> T esoddng °G wezoayyL
*eee'C'Z = I II3UYM
¢ v, v'e vt
(0= (1)n = (0)n ‘T -~ 3 39x69p jo Teywoudiod = :2500 In} = 's= S = s (1°'p)
RTA pue
. .
nldn ~U=I<NK .&:ldax
Te Te
YITA (p°Z) ISPTSUOD BM IXBN
“Pa33TWO 3q TITA ‘G wexoayl jo jooad ay3 ueyy zatduys
ST 3Ted Uy pUR § WOIOBYY JO JOOId 8Y3 STITTeIed Jxvd UT YaTym ‘p waxoayyl jo jooad syl
d
.H:_._wn
3 .:w._ 3440 weds 303 ¢ 0 < |(a’m)g| dns
L]
pue
H-mv~.ﬂ H-Q-ﬁ
L L S L
(1) H3A (1) _Hon
7= Teo Te
0 < “2< |(a'm)g| dns Jut
SarJsTIes € ‘e > d > T
5 b d Bl iy e . S
04 “({I)_H x (I)_H UO mioj Ieaut(lq papunoq e ST g ‘T lm. + T ‘m >d> 1 I04 °p wAIOAYL *A3TTenbour S13pToH JO 2ousnbasuod 3D31TP B ST ATNSAL STY! ;003
i o & =
i
m *saoeds asayy 103 (z°7) puwe (1°Z) suoridumsse a3e3S ISITI oM .:,w: x .:ﬂ__ *y ysaw syl uo puadap 10U SBOP IFUD 15 queasuos v vita spror (1°0)
3 3 H (8] > > b o P poes
u U0 WIoH XRPUTITIQ B SO XP{AND 4 ,A,N%) R = (A'N)g WIOJ IYJ SSNIS p &M UOTIOVE STYI Ul ‘(g°g) uT se <u pue ‘1 = w . .m ‘a s D as> " w: - Ny r.z ="' 4.3 YitM °f weioous
vaz x :um_._ UO WIOF IeUITIq ° se  (A‘r)d  jJo sTtshreuy Y *{1°'z; uotadumsse 03 HUTPUOASIIIOD WAIGAUI JUI YIT* UOTIIIS ST ApnTouUOn ay
o o
. - . -
e RN T R e




d
i I B

L

T-f
® (" "x-x)6 :"n

wo13 uayy ° ((qc°y) 3o jooad ayy °39)

* Weee't a

¢ 8’0 m ¥

e Gy ¥ £y 1
revated U58 _glcql 4 A?Ef._nn_
L=

0=F T=f

S

“\N ﬁ#dnﬂ%— ﬁ—“‘— dNHN

v O=F T=f
w N = xpb,n “ ({4)]

1
VY3 S8 A (eg°p)

b5 suymxelap ATenbTun SUOYITPUOD 9SOYI IPTYI IWSTD ST 3

(9
1
nu..nv 6 [

f

¢ 8 39163p jo Terwoudyod = u_u

. (1-f
«.
-3p jo teywouitod 9sTAsdetd w S§

x-xfq

3 yons 65 ssooyd

o=¥
wl ~"_..— 9IFIA URD 9N “9bRIVA® OI9Z IJA S = T - 2 eexb
®

o Vs sa qeq *(Z°¥) 30 jooad ay3 03 UINIST BA MON

*juswnbae oTess jo sbuwyd

® AQ SAOTTOj UIYJ ITNSSX TRISUSH Byl °JUITPATNDO SI® POWAS TRUOTSUIWTD 93TUT3 ¢ UO swmIou

TT® Iey3l 0¥ Y} WOIJ AOTTOJ SIINS8I a8aYy3 [ = Y

pUe 0 = X ased Teyoeds syl 103

‘3 PuUR Y ‘x Jo judpuadopuy ST Inq (X)®

pUv 7 uo spusdsp D ‘0 <Y TIP puw ‘X Twex Yye

d
[4+x’x) ..__u__u fusx’x) a=u=

vl

vl

d d
(ueex) %1 (usux) 1
e | S 1]

—fu.u_ ._ son. 5 .-
g I3l I3l

vl

IPYI Yons D JUWISUCO ® ST BINYY

‘0= 3 snyr .onn!«u

(4=x-x) _(%-x)%

‘y @9abep jJo 3 syerwoudrod [Te 203

...

5 [H20E) .._E_T ©ey)
pue

L Titie

> ezl ..__u__T (@ v

d
5 (wex'x)"q .
> 3ll2 (ecy)

‘Sacqe Se pouyjep swiou Y3 YITM

x
o T vw purz smpuw 2 -3
yex

(Y-X-X) (X-X)
= = uayzy ‘0 = _

5 m 31 ‘0 =3 32b am udrus
-l

92160p jo Terwoudtod v ST

@soddns - |

: J3PTSUDD ~ON

u
Iou«.onnv nu - ..\ u!-uoau»:nnuo::oﬁ.ou =u= .
yex -
*2ed[0 ST 2 __.__ 30 SS3UAITUTIAP aaTIysod Byl °sSnotraqo Buraq wou e jo sar3zzadord IdYlo B3
‘93TUTJOP SATITSOd DIV SUOTSSIIAXD 9S3Y3 eyl jJooid ay3 JO UOTIEDTPUT 3JaTzq ® d21b ap

0 < O T (X)e azaym

- = “
2 )
141
4 (Z~yeeato = ¥ ¢ 5 ‘x| 2] (x13] jxew
|¥ey (x-x) yex)3 ]|
Y+x
> Eou.x. .—
e :u__
u 0=t
1-d+1d
. . I+ ugl 3] + 3]
%0, (x-x) )3 0re T[T
an‘d vz °
pue
* amd 1ot o7 i
x
[xe  (x-x) (yex)3 T
Yex
= (uex’x] ‘—:N..
) AIQQMQE 0=T » an
w>d> . S x uw
|xe (x-x) (x)3 (x)e
da/M\a ¥ fuq_ )
uvnvo
* e=d _ y n_ xew
4
. ey
S . ot === sy
ws>d>p n\.n—nommz o._ | uwv;
:swrou aa1yy butmorroy ey ¢ [4*X'X] ‘. 43l
WIOU TeNSN 3y3 03 UOTITPPE UT ‘IBPTSUOD OM [usX ‘X] [BAI2IUT Y1 UO > 23169p
5 1= Few
i el *q { = )3 sterwoudiod jo soeas ay3 up “sITNsax Areurwirard butmolre; AYs

3
JO 98N ayew TTTM 3M G UOTIDIS UT SITNSAI Y3 JO jooxd ayy uUT pue (Z°p) jJo 3003d ay3 uy

‘e >d5 1 osoddns




T——

s s i L

_w

pue
Z -
5+
el ou - 2 <
0 0 0
w(fa-%a),ne [ + xpla,ne [ = xpla,ne | 6%
1 1 1

aaey am (g°p) pue‘(L°p) ‘(9°p) Bururquod

U:
© TalTallgy o3

ﬁn
wylla] [fuf] o3
f alns £ Oy
nﬂ-u_m_ .—xnvln lNSI.uvU: w D>
1 o=x £t iy
@l Jeept {253

¢

0=x I ¢ ¢
nvv_?-?:ﬁmv.ﬁmﬁauuv mw_ h:z:v: {o-=

0= nH €
u o=
._..,..uw_ .‘ (1+8)b w

xvv_ .xu?n.ﬁv c:m.ﬁumnv
¢
.av_swzﬁ.mvm H.\ .T&Mz ﬂw 2%

ﬂu
w5 - 3| [ P>

e 0
*xPp|g - u_Ku-
o _Pu
xpy ta-lal o5 dn.__nff__ (8°v)
1

-£1-

aaey am {11] 2z3eyos pue 2YOS3ITN O3 anp Juaumbie ue yITm 13Y3labol ir!

c
PuuR| 3IIBQUTH-2Tqueid Y3 bursn ‘moN .<m utr Ayxearo st LR “wp(3)3 | = ch.a 237 ueyl

x

-

E
=L - ¥
C UWeid!T =( ‘S0’ =T .xutg .ul.:“; .sn xvt. .nxux: h

Lo
* s 281bap jo (erwoudiod = HJ

Aq paurjap s 231bap jo Terwoudrod astmedard e ~q

3 397 :SmOTTO3 Ss® <m 5 % Aq Ta @jewrxoxdde snyy am .qm Ul ‘Tesauadb Ul ‘Juu ST Ta
d b
::: L :::
- hegat by @
pue
d
::: i 0 1 0
m |m]|o < xpb,n h = Xp,A,ne h 9t
1 1
‘o= (mha=(h
s 0
e
% i 0 |
oavy om (5°p) puv (p°p) Wwoa3 usul ‘ap g [ = (0)'a 395 pue I||~o - B =5 191 XN
- x v
®g |

1

‘e=Db pue T =d 3T uorjeorjrpow YBITS ® sairnbax (g p) 03 burpeay JuowmiIv aug

Q.mq G SR 2N €
. IBIERS ' 73:m_..wn_ T3

; \

1-o4 10"

(s e

1-¢ =
|xp (" Tx-x)6 [|
v)/v w

JBY) 33S Om (Qe°p) pur (Bets) bursn pue




J— ' X ’ s _ i
-91~ -GT~-
ey} pue aTqeatos Arand v v .
b I 08 A 9800y 'S 3 M AqQ A ejeurxoazdde @M 'S uT 30U ST ‘CA sSny3 pue ‘A
-tun 87 werqoxd STyl Ivyy ATdaT p pue | SWRIONYL ‘e > d > T puw USATD s} ..n_c 33 ®awya " .
.
() = IOy
. njlo > A (26
5 .n.Vm > A TIv 203 L (A)3 = (a’m)g lI=ll IIal 1°%)
d e
(1) B>n () &d 2) d
Se (. n
L] H -
o 2linilo <
-oad anTea AIwpunoq Y3 IPPFSUCD °SITNSIX 98I JO sSuotIwTdde swos A[JOTIq YII0AS oM z o&
* xpia,ne [ =
*(Z°¥) PI®TA (L1°¥) pue (9T°9) 1
(] o o 0
ﬂ- w._ xpano [+ xplano [+ xemne [+ xpla,ne | = Earmyg (ET°)
R (L ER | LY | we 1 T 1 1
sawy @A (ST°p) PU® (§1°p) woxj puw sawy oA (ZI°p)-(6°F) wWOI UL A 4+ Zr = EA 301 men
d 0 0 )
.n-.-m o B + xp¥ans [ - = xpan> [ + xp,a,ne [ (Z1°9)
ol 5 < - y g
pue
d d
T lafo ::..___ o T By By
D - n < -~
’ e M T R T arm
(mamyg + (Ca'n)a = so1I5TaE M
2 T 0= (T)A= (0O)A
-n»|>.3n + Ani.;n = (A'n)g (91°»)
~>u|lao¢ Jne) -
ATy 3a (STD) PUP (ET°Y) WOI3 USYL ‘A + A = A 30T AoN
SATOS A 327
&:
PORE ¢ - ‘€ woj azerd
g3 o
~W0O OY3 IPPYSUCO AOU BN “XP,A,Ne [ WIO3 Ou3 203 (Z°p) 3O jooxd ® PTavA (OT°B) Pre (6°%)
- 1
- .
y __!__U > -=u - I__ (ST°9) :::
; “linfloz >
SAvy aa (TT°9) pu® (OT°p) PuUv (p] vemo] JISQTTH-ITQWead 93 Suysn uayy
d
¢ ¢ (1) H .:”m =
=€ 1 ot 1 [Influ o+ lInfj2 >
* Weed'T m [ lE-T’ec’'T0O = ¥ :G«. X-X) s - I.q. x-x)A h
v_. v_. u._
loy1, 2 Toyl,y — Tept .
¢ = .Aﬂuc:n .nu.: B RS I | B | A | o




.ﬂn

b :.__uo 1I* 103
ﬂ.o

£ 3

x)e ((

‘w >d > [ 9sed ay3 ur - (q’
am 3[NS3ax sTY3l Butaoad o3 2011
STY3 Jo asodaind ay3y st 3I

z p 4

x)n .BQ:&_. 5.-_ o

vb, vz .<.M= A

-et-

yowe uo ‘n 8.7.._.._.: ..__..__ - a1 (€°s)

f

& «ﬁ.ouou;:_.:, (z°s)

Ny 998 03 Ased ST 31

*((81°P) "3O) p UOTIDNS JO PUd Y ¢ pessnOSTP 8dA3 eyl Jo weqoad anrea Axepunoq e ST (1°S)

1=f 1=F
$ w m m_%u:._ o wv

% 0
neo.:.o.lm_a_ﬁ ===|n20bo¢.0.>3.q

d-z
T Y
b
(17K > a
30
¢ fx
UOTINTOS 3Y3 SP PIZTISIONINYD 9 OSTP UBD A °'X 3@ UOFINGFIISTP OvaTd OY3 ST P ox9yA

0= (T)A = (0)a

£e ¢ 13 = =¥ (1
*p((Fx)n .6370: 55_ eun:w d _A 5.__ o w +n _5».7&_ | nu~=== = A1
=
a e
| 3o uoTINIos 3yl 3q 03 A 9scouD UGATH %4 (I)(H > 0 391 TG5O
i °
|
!
4 | ¢ usew 9yl jo juspuadeput U5 3ue3suOD ® WITA PTOY (q'®ZZ) ‘(£°E) uF
i . g .
se 'q pre fe>ds 1 .H.W+m nm .<w=-<.~x pre V="l v FwIew

ep°Z) Jo sanboTeue TeuorsudWTp IITUTIUT 3yl - (q‘ez*z) @daocad

d "SIDTOYD ISAY3 YITA (q‘ep°z) suoridumsse aaoxd 03 uoyONs
v v'e V't

“(1°p) ur pauTyep se 'S = S = S pue (g°g) UT pauTIIP

2 UITM Z UOTID3S jJo s3Tnsax ay3z Ardde am 3 uoT3IdeS Ul

<~V <.&

M o: UO WIOj JPIUT[TI] © Se ?.u:-n 3o stshteuy g

-L1~

.Y

n - 0 3O SPATIPATIOP ISITI Sy 103 sejeuwtasa 1 SPIATA = = d WIS (0Z°w)

% Yssx %

E ~.=x- n|| sur (¢ u} s+ 3% -y (0z°%)

@ARY BM G pUR 7 SWAIO3YL woij

ol =~ Q

R |/ =T | %) ®1°%)

VY] 913 M G WAIOIYL wWOig

3 = (a'mye /

<m vdﬂ;

.qm A 11* 103 f

‘e > d5 1 1Te 103 werqoid STYI JO UOTSISA TPUOTSUSWIP D3ITUT] SYI ISPTSUOD OSTP ued apm

b n
W) -

C T i ey




P—

i b

o SRR S Ve v 5 i ot

S AR

b A

e s

Dasns

-3p 30U S0P YITYA O IURISUOO ® YITA PTOY (q‘®p°Z) ‘'S =

-0z~
. 4.&-. d.vu
ARy N <uuo ITe 208 ° o __.___uﬂ T =>= Y3 AOYS O3 Suywwex 3T
45_.

CRE R L B

.5;;-:én (6°5)

396 aa (9¢g°p) buysn puw (g°S) UT Tt = ¢ 5uTIINS

v y fo ° % °
S3¢ T® 103 ‘xp ¢(nu :A._..{ a-zlinll = xeead + .o.»a.ﬁh
Vs34 (8°s)
JO uUoTIINTOS Y 9 03 A IS00Y .<m >n @7

‘e >d> 1 9sed

v

Y3 ISITJ IIPYSUCO O9n ° (PP°Z) WOIJ SAOTTO3 (QP°Z) ‘TPUCTSUIWIP NTUTJ ST 'S IUTS °JOoid

‘g uo puad

z Y% « %50 V'Y

*sjweypemsy £7 (qC°Z) 30 jooxad aui

g 30 Juspusdeguy 87 %O e19ua

=" "Pu -7
z >_ % in
lla| lI=ll
v'b v'd
HIA Hn
z o
0<% _?.3<n_ dns Juy

‘+3°§ ‘(wz°z) 396 BA (L°G) pue (9°G} bursn
<.M= i)
: flnll 25

=f
et Emi® 0 @ el

S WTA "L w0yl

-61~-

n 1=f =¥

Ta%_ "1 a (e 2)
b/t 5@z 1-u

4 =f (4] .u v
(4] ¢ .c: o ) + n
n_ | w = li

b,
€ S :.q
SF}:?z_w¢ _E=w‘_iav

= 1=t H
n n ( : b,y ® To
.?%v_. 5:6_7_.w + __B-.> --3__ 3+ Gl -

b/t
b
¢ =t 1P Lo
ool Couae] 1o OO Tpoag e Al -
b/t T-u u
<.u=

1=t € 1=C

he
L il Fuael 1o TP D= Tiap we
/1 I-u u

@aey 3m (S°G) pue ‘(P S) ‘(E°S) *(Z°€) ‘(T°€) woxd
v'd

H
s 0
InE =

Tn 0
(alt fxn)f e w. +  (xgln| =
d/z 1

d/z
o v
Xp(AnND 4+ ,A ,0w) h = (A'n)'g 9°9)
1
ARy OA (T°E) PU® ‘D = ¢ WIATA (1°S) ‘(p°€) woI3 pue <.W= 3 A eyl 33s am (Z°G) weil
b
T=(
1S n m Te
o (4] Cx)n + n|)o > aj 5°S)
gl oml'e T+ Fglinna s Fiia
pre
¢
o ” L2 -= ..nn..:, s
(x)n ..27.._. anffe 4 Am_. SLIAY ._.w
az

él




'NNI
£ 4
L] o=y f If
L-F«l (g |as - ae] [ D23
s | 3 1
X (Tx-x)pe [
: 6 owl TS e i
el N omglas - ae| ) T3 |xp #(ad - sa®) ] (91°5)
an'ditl Dy Rl - A 1
®ARYy 3n (q‘eZ°y) pue (p1°S) uy w JO UOYITUTIOP SYJ WoiIJ MON
0 o .cm..
* X 4(Ad - a®) [0+ xp d(n .537.__.-_ )] .mnu__.___o -
4 T
n:
ﬂ‘walblvl hwo -
PR 15
il 1 (05 mylua| [ (sT°5)

306 ea (vZ°p) puw (0T°S) woxy ueyl

¢
I
* Wee'Tmf 3ecc’0 ¥ .T ....7%.. T.._Ma_ - e <.Tn....: f
f

! Ueee’0mf 0m ( .:o. 0TS

"N os S oulo 9S00YD JIxON
b
. X L
e LRI JRE

o o n
l« «
_ .nosvo »uv.».-vnvu e.l..»n .n.n.m.
ﬂ\’ &— _nh uf_ _ﬁh bt U_ _ N

uyeIqo sa (Z1°S) wWo1j snyl

! -3,
© ant :.wk.a.n_.._?xu:uu

% Tty e _ < 0

.-\ﬁ.xvn_ o_?xn?wxa.svvakv_.__?xnb %o ..aa:.m_.__u:

1
wn os¥s>% et emoow 1uTATT 05 mom xpae (Trn) [{8 lemotunme |

1-£ s nu g |
ueur -\ (Tx-x)(q 1= _..> - ®JIN (§ z € - 2 36 jo TerEOUilnd T = _..> -
3

lﬁN'
=%
an (90 omylas - ae| 123
b/t oy,
-1, -,
“ -
e B LRSI
d/t " T4, b/t b Tox,
1=
x s £ &
|¥p ¢ (a2 = ,a,®) Il = | ¢(a2 = a0 I}
Teu, =
396 9A (3g°p) PU® (T1°S) UF ¢ JO UOTITUTZap P43 BOX; =ON
.fs- 3 .Aa..i. g
"o (n use % (n% % )
xp $(n :.n_..{ azlltll = @0 ¢ an -..h

sAwy in (O1°G) £033 uONL
ﬂn
C W't m (‘3’10 =T ‘0= Xp -.....Trrn. |

¢ wetgm g o F)e z1es?

3 ¢

O=Y T

3
C

- Foetniactoe ﬂw -
o ﬂnn
X $(ae -a0) [+ xD(buae) [T
¢
f
1=f 1
oot actae {-®é¢m hnw -
T-u
° %
X4 Ad+ bdae) [=xpd(n _.on:ln_:_ / n.'n__:_m (©1°5)
T ¢
Li, A ¥
- . - B - 3 i T e—
- .

—_—

v
$
£




|

-pZ-

uyeIqo osTw oM

-
. .—=== - ?.34- (sz°s)

war c|n] = T Tn) ezeun

v, 1 o
© s34 qeaoy ¢ (x)¢ lIn]] = xe(da0 + $.aw) [
1

dﬁw’

v

AQ A ®SUTISp 9I9Y BA 'S I N UBATD ‘e = d° 38T mON

*(92°S) puUe (6°5) WOIJ SMOTTO03 ‘T = d 203 ‘IINSEx POITSIP UL

LA ¢ Ve

H T, H
R LY P LT P N 0zs)

uywlqo aA (£2°g) puw’(2z°g) ‘(12°S) Buyuyqwod
n
- O s By ()

SARY OA § WOIOOUL WOXI

*

T “n
< O+ a2 S [ua|xee P

SpI9T& (81°§) 30 jooad

>1>0
Y3 3O uorIDYITpom IYSTTS © .xm Aq w puyoerdea ‘uayl .x«x:_x“A_ - ud_“n_ Xew  @I3Yym
¢« LG sr o3 o0).
£ xa
ey 31 N quss) | = (Frxaxety |
o ' :
f
L
* X4 E 3F Feee'T'O=T 203 O = x ( x-x)e'y [

¢ weegmf 0 (F)

Aq pauyzep °q s > xm 297 paxT3 X 3I04

-

H = ¢ £
NG IR NS jFxriar) o xea az-s)
SpreTA (£1°5) 03 BuTpes] Juswmbie U3 JO UOTIBDTITPOW IYSI[S ®

‘(1T°S) Uy se pauyjep s} % 31 °(6°S) 396 Arejerpaussy M UdYL °(8°S) AQ A duryep @m 't ' m

UATY) ‘T wd 39T ‘esd pue 1 =d

s9sed ay3 103 3Jooid Y3 yolays Arzeraq sn 397

*L w9103yl 3o jooid ay3 PIATA (0Z°S) PLe (6°S)

v'd v'b

H a H
S LY EE i LY 7Y w0z"s)

aaey aa (61°S) pue’(BI°S) ‘(£1°G) Bururgquod
D
(I)_H
Te
lIall

utelqo an (g°s) pue

d
S LV EN 619

((61°¥) °32) S waI0dYlL woig

b ¢

1 e
+ Blaas e gjua [ 1 ©1-6)

396 am (L1°S) PUR’(91°S) ‘(SI°S) Bururqwod

€
1t d
1)1 -
epleal D allelo 3

d/
Y s tn) 1
(pgl¢| ) Omgln| )5 |xp $(n ubs) . in wr-s)
ar e T s
pue
el 0™ o
(XP L |up ) a_> 2>
ar v
oot 0 ™ g s
Gl bl ) *lialia >
a1 1410 bif |
- o,

Sar -e

Ees

5 e O N



{
S27J8¥3eS OST® N IWD Uees ATIEES 8F IT pue °(I°P) UF POUTIep S® Y% wmm
v o v Voo
+ Vs 3 a YIe 303 . xXpAJ \lu!»soo.!_ﬂ.\
A ¢ T
eu >
Aq peutzep 8 n  jo a uoyIveyxozdde ¥ITY Tensn eyl
Ty 1w 303 “- pue N- ssoeds oy3 UY SOYT N UOTINTOS OYY WYY SI0U WY
{ 0
! s M- >4 TI® 303 G ®Az[= (nea)¥g
i 1
i 2 :
: Hon (qe°9)
H 4
; e
v o v
MA24 Tv o g WA [e(an)g
i v v
o¥ ’n (eg-9)

3(g°€) uUT pauyy

-2p cn Wi0J Y3 JO sW1e] UT sAea oA} HBUTAOTTO; 3 U} POSTINIONINYD 8Q OST® UeD N ‘ISAMMOH

o o
© 24 TI® 03 .apus-u!»..u..?a:s
o 1 1

nm rn °9)

M &q ueatb Y (1°9) 30 N uUorINTOS Y JO UOTI
-PZYIIIONIVYD [RUOTIRTIEA [¥NSN Y3 8Sed STY3 Ul .S.«a 33 oesodans puv z = d 397 (¢

O < (x)e *(1)2 32 *(1),07 ¢ ®aoua

{

“uPATb ST J pu® ‘I 3 X I03 0 < (X)O pue 0O <

‘ 0= (T)n= (O)n

I3% ' Jamd+ ,(,ne)-:3n] (x°9)

ws1qn2d anfea Arxepunoq jujod ony ey3 103 3*‘? o..:ﬁuuou uo peseq pouRsm JUNLTS

v v'd

qTUTI Y ATwue 03 os seowds juepuadep 3Isew Y ISN A UCTIDIS STYY UT

‘d
N.— pue

suoraedyrddy °9

*(9Z°G) PuU® (SZ°S) WOI3 SAOTTOJ MOU JINS3II PIITSIP #yl

Ve vt
B - H
© g = P Tinjo T Ty 9z°5)
395 A YOtym woij
. ¢
(1) R
m™ = Sy
2 lInjo > “llail
pue
I Lt

-
D e+ Ao wiaa) [ ]

’

i ¢
- (i K il
T B N T ST i
u

38 i ndname a0 S

he




\/ v L/
H s H
e - waw Gargen s e

\/

uye3qo 03 (Q9°Z) Atdde oste uwo a8 N Jo S«Ugnaalqn IY6TX Y3 OSYE ST N BUYS

*Z = 1 3JT SITTTWR} Ysew ATemyqiw 103 pue ‘g < X JT SOfITWej Ysem wrojjun-ysenb 103

(v 30 awerodzonaur-"s we x : 10| Ix - nf)3ur 55 T %0 - n

ey peaoys Leyr

“19] ITNYDS pue IAqTEIYDS ‘ILISUSST Aq PIUTEIO FIVUTISS UR O3 PAIRTRI ATIROTO ST (5°9)
“tl9
‘z) *39) wiojrun-ysend sy ATTwe} Usow 43 PepTAOId SIWESTS BIUTF-D 103 OAX ST (L°9) IMA
s30u 3 ATTeurd *f jo uepuedepur O wra proy 3ouwwes 1 O||fnllo T IO Fn) Juy wes en
.n._ 3O URTOdIIIUT IWSUT] ISTAIDITd I3y} S} <~n= uorywwxoxdde T3 Y3 N - = NI 203
. sours -0« YO %) e =« @/nfn Bupkzsraes (1) ¥ > fn suoyaounz 3o sousnbes w pue
| {1 >2/T > 0) = 7 usow o3 29p7suco AN -y Pue B 3o uspusdepur > wta I Of[njia 5 10| Vn||
SSTIWF (£°9) IPYI IAISEqO 3ISITF 9M  °SUOTINUNMG BuyIvwrxoadde Iesuyy 95TMIOITd PUE L0 - = 1
z

203013d0 TRTIUSISIJTP STAWTS Y3 HUTIIPTSUCO AQ STYI MOUS 9 ‘wroU=- T ey3 03 3Ioadsax Y3IIA

yeutido-ysenb J0u ST (SIUMID 9ITUTI- R peseq) uorivwyxoxdde 33Ty ayy ‘*a°y ‘estey ST

1’0 Ysx .00
fix-nffzur 55" "||"a - aff w9
9 ITMIISY Y3 IVYI NIVWSX oM
H
o =.= 03 309dsSax YITA SPTOY 9IvwTISd 0119 [wwrido-ysenb v ‘I1ay30 8yl uO ‘pue ‘miou n.n

u
ay3 03 paITwas Aresord sy o =.= WmIOU Y3 ‘puey SUO 9Y3 UO ‘3Ieyl UIIS BNYI SARY oM

*[{6]l YoSITN 03 anp Juswmbae A3yrenp ¢ buysn H.o=<= - n|| 203 s3jvwr3isa ue suyvaqo
.
ueyy pue 1 A=<= - ..= IIPWTISP UP SUTRIQO 3ISATJ SUOC IQVWIISS STYI jJO jooxd Tensn eYy3 ux

*£uy19pTSU0D d1¢ I watqoad Y3 103 IIPWFISD L2 pIepue3s 9yl ST (9°9) .:.xz 3 n papyaoad

* a5x50 ¢ n.x__..__nzuw.

z
i LR TV SR T

*SROTT03 S® Y z9jeweied ISPW OY3I JO SWI9] UT (S°9) JO IPTS IYSTI BY3 JILWTIS2 ued IM

“_. z = M- Voon = (D%, 0
Jlne-nll Gy, + © 5 7 ||To-nl 5 || nen]f 9°9)

sawy us\d A Axo9yy uorjewyroxdde uy s3Insaix paepuels bursn

nu c ﬂu
x-x)a |

* g=X'ecs’0m ¥ ‘Weio'T = [ .auqanunl:_ .“ = xvqaau

£ €

¢ Wees'T = [ '("X)DN = (TX)A

$2738T3eS eyl n jo u:nao&.au:_uqm 2yl 2q npe = A 227

%n

.0 =.= WIOU 9Y3 UT JIPWTISP J0oi11a Tewrido-Tsenb e paurte3qo aapy am Snul

Y Vgix

V,
H
SR PV A S R L (s*9)
39b am (e9°Z) woil
*z waxooyy ur (9-z) saiew

-¥389 a3 A1dde ueo ea (L pUR % ‘g SWRIOWL) PTOY (P°Z) pue’(Zz°Z) ‘(1°Z) suoraidumsse IS

.<m o3uo0 n 3o ..o_..uueﬂounuqn IYOSTZ Y3 pue 3IFAT I3 ATSNOSURITNUTS ST “n eyl ‘"1

S§3a TI® 203 .

F mare = ('nea)'s
pue

<m 3a 1Te 103 o (a‘n)g = .>.<3<n
eAmYy 9m (p°9) pur ({°9) wois

v _ ey

S3a 1T® 303 . X a3 [=(na)e

1
<m 3 q:
‘ ’
S 3A TIv 105

o
waz[= .>.<3qnv
1

Ve 5

s n




Ty ¢ e
v = gu_w.\.uﬂ..,. SR g s 'y %

-0¢-

T A RIG ¢ @a-- ?..:q-v

“Iv-—

Aq (esodind ano 203 AT3uvizodwy szom) OSTe pue

(1T°9)

0
G.u- U (I)H?A T(I® 203 (X)) ,A - = XP AT =m
. T - 1

¥ e g {01°9)

Aq peszyasyovaeyd
9q ‘ISABA0y ‘URD N “SPOYISE BITH JO SIUNNEEII TENSN Y3 AQ POIBACO JOU SY UOTINTOS

sjewtxoxdde ST puw (G°9) SNYL °(Z°9) UT S® N  ITTISIONINYD JOUURD SA SOUSY puwe 3:: w n
L]

‘T>%X>0 ‘% 3¢ m.u UOTANQEXISTP JRITA YD JO SATITATISP W3 O3 THNDE P = J WRIA

0= (I)n = (O)n

Spems () -am (6°9)

19023d enTea Azep q juyod OA3 SY3 AOU IepISUOD (D

.«-.Gw H.e_.m_e... =__

INYI AOYS UED SA SAOQE PEONPOIUT WYY O3 JeTTwis ATjwej ysow © 9sn Om JT pue

33ded STYI UT PeEaI) AI00Y3 IYI OUT 3T $90p WTqoxd ¥ Yons xsaency “Atdde J0u se0p SpoUIom
JUNNDTI NTUYZ JO STSATRuUE Tensn O3 puw o fn usn 0 =3 3¥ 3wy 930u am ATTRUTL

; *UOTIONBANS STYI UT sysATeue a3 ut PO

-n1d st SIFITWe; ysewm ([vwjido-ysenb uou) Azer3yqie 103 PYIPA ST (G°9) IvYl 3IOPF a3yl eyl 330N

*UOTIPWIOJUT STYI PIITA J0U S30p (9°9) S¥IIWA * (ATTwej ysem wIojyun-ysenb uou w 03 Huypesy

JUIWIUTIAL ‘°9°F) JUMWSUTIII Ysam HUOCIIS JO ID9IJO Y 39S UeD A (G°9) Duysn jJeyy 99 am snyy

.~|=7uu Wi03 9Y3 JO punoq v pIUTeIqO ARy ATuo PTNOD IA satdwex’ jo ArTwey STYI azAreue

03 (9°9) pIsn pey am JI °suotIEnbd 237Y W3 UT SUACUNUN JO JIQUNU Y3 UT ILWTISI 2IpI0 Puz

POATISP SARY 9m 9OUSH °G 9q O3 UIYWI aq UED D eI UT (3 > u) abrey Arjuardyzns u

z/s-
103 3 30 juapuadepuy ST . D 919ya puw N O JueiodiUT ILDUTT ISTAED3Td Yl ST Ng I3YM
¢ LW
z- u u
(na q.. cmux

Ellor - a5 O )px - n)p gur

IONI
eyl ua9s A[rsSed ST 3I¥

®3T0U0 ST WA m =4 exeua ule..t1'0 = £ u/f) = .n.n Aqueatb aq Yg =y 321 -(s°9)

3O OpYS puey-3y6YI SYJ STTWIUTE O3 S® OF | Usow Y3 PSOOUD O3 IUWIIIE AOU Iy °PTIEA 219

(9°9) pue (5°9) SeIPwy3se® ‘(@) UOTIDISQNS UT PaxspTSUOd 3aA3 Y3 jo [1e 21e sardiexa Sseyd

SOUTS °SIUSWSTS IWSUTT ISTAIDITd AQ PIUTIIP n 03 uovIvwrxoxdae zITH Y3 3q “n 91
‘IIvws ST 3 JY SATIVATIIP puz @baey e SBY (X)n °3 > 0 SITISTIPS 3 id32wesed Iy AIIYA

C Al T g ONE & 3] 2 M) = (M

0 = (I)n = (0)n
* 15x>0 3 =0+ (.ne) -

swatqoad 3o ArTwej ayy 12prISUOD

eyl Yons sy 3 Izde

(U 239wered ysow Y3 ;0 said3

Uy o3vwrIse ue) (9°9) odi3 8y3 jo suo pue (a3vmr3ys? tewrido-tsenb e) (g-o) adha ay3 jo aaem

Bamnere

~¥389 U USIAIRQ SOUIBIITP NI

.nn sSopou I3 e m: uy sden( 3yl JO 019z 03 @2udBIBAUCD Y3 UO ILUTISS UP SIPTAOIS

TIY eyl say Jo Ajrwm3 e 213y 19pTSUOD ¥ (Q

(99°9) wIojyun-ysenh Y ATTue; usew 3 pue (SUBWOTS 93TUI3- D sexrnbar STY3) .:Mz > s

umou: ‘Y - 1'z,v a £
papTAcad prOYy O3 Y ST Jin)) uox:o ||'m - n|| @3ewr3ss aya Ieya 230u: om 1
YOU® UO I0II9 Y3 FO SIATIPATIIP PUZ SUI JO WIOU O o3 UO PILWIIS? ue sapvacad (eg-9)
.
© Waeetp=f ¢ I x__a__N\nlsnoﬂ :muvm: . .mn.ms_ (qs*2)
rue
1=f
1'% - 1°0),9,
ollzgt® > gy’ =m0 D (es9)
v,

|
eyl 23s om z =.__ 3O UOTITUTIAP My3 wold

s aFASRE = I x:::nnx:u >

s

.
T80 -n) ur .mubu s>

b At it~ el oA e - - iy . e e NS R MRy S R




lﬂﬂl

*0192 03 ATWIOJFUn @6I0AUCO .nu Yowe UO peIepPTSUCO “non 3 SSATIVATIOP PuZ Sy IMR

saoys (GT°9) *(»1°9) ®ak3y Jo pue (21°9) ®dky jo Tase q 3370 O3 uo s avm

=32 303 (q) UOYIDISANS BBS - (OT ‘L ‘€] OsTe sxwdwod ![gT) IOTSUM Aq peaoad 3sIT3 sea (V1°9)

Vi

(o H
el T N% - ) sT9)

%W oA e« d WA (E1°9) WOI3 pue

(Y -
i3x50 ¢ ,._.___.__.ﬁ B ALY r9)

PUT3 M es=sd QPRI (27°9) Wo13 ‘ordmexs 304 Y IJejswered yssm Y3 JO SWIS) UT SOIVWTISE

)
|| aA729p UD 3A SSIVWTISE SO} WOI4 °SSTITER} ysem AIIITQIV 0 PYIVA OIv SSINEFISE OSOUI NN

zyseydua 9y “SWIOU PEIWITPUY Y3 UT SIJwvwise Joxze Tewyido-ysend epracad (£1°9) puw (ZT1°9)

G.Mﬂ chx G.Ml e
fix~aflgur 25 I’ - nj| (€1°9)
puw
"% Yox "
Yl ~nffawr 05 Y% - qy zro)

UTNIqO 03 z wex0eyL Atdde uwo ea (; wezoeyl) d TTV 303 SPYOY UCTITPUCO AITTIQWIE

/

@yl 9ouys °d e 203 4m oj3u0 n Jo uoy3oefoad uqn 6T pue JOT N} YI0oq ST N sayl

)
- Y534 v ¢ wpaj = .<=£<-v
1

\/

<wU=

v, n

0
V¢354 1re 203 . Xp A3 _ - .>.<3<n
1
s 3

A3s73ws A{Snoeuwatnwys 03 uses ST n UoyIWWYXOIdde TITM TSN SYI puv = > d 3 1 TI® 303

S (e

Yy 0

v e: u>:uu3 2 xv>u a .- —:.an
~
< M: ua

o
q.v__ 3 A 11e 103 . Xp A 3 “ = ?..:qﬂ

t Y
v°d

3 n
e:

A3syaes A1snosuejynuys o3 UIIS ATTsea SY N  UOTINTOS YL .A:m.n 3 3 ®xya

0= (I)n = (O)n
¢ 1?2%x ‘ J=nl
Apn3s utebe aq °d TeIBUSH 103 SIJRWTISI AOU ISPTISUOD aM (P

*((Q) UOTIOISANS "3JO) SAPOU JO IIQUNU Y3 ST T + U YA

zZ.u

2w s q___<= - nj|
wioj
Y3 JO 9PWTISH Ue UTEIQO BA X autod ay3 Ieau Arazeyadoirode ysaw Y3 ISOOYD am JT eyl ¢

Z,
osTe oy °ysom Axex3yqIre ue 103 Msu.w m A__es - ..__ 396 9m 23PWTISI STYI WOIJ °Z2 = X 3T

%Ov

v, 17 v,
H - '§X H (4

-0 - (1)"1,v,
Cfix - nfur 25 O % - 5 BT - ay

eAwy ®A (¥9-Z) Wo13 Pue n 3o uoriseloxd-g 33eT au3 ST 'n snu

o
© Y54 yrap ¢ (0,8 =xp(a’mo ¢+ ,alne) [ ;.qaeL

1
<w > ¥n

Aq poutzep q mou Ued n 03 a uorjewrxoadde zaTd WYL
.<w esn URD SA (IT°9) UO 2anPedoxd UOTITWTXOIUGE INO ISBQ BA T ‘IIA9MOH
= An.un Uy OY[ suoyaduny Surjemyxozdde jo sedowds TwuoysusWIp 9ITUTI IYI ILYI aumsse 03 IAeY
PINOA U0 (0T°9) UO poseq ST 2anpedoxd uoyIvwrxoxdde ue J1 1 WAIOIYL WOI AOT[O; Ssauand

~JUn puw SOUIISTXD IPYI SnY3 pue ..M.: > mv Jeyy 930N 'Y 3O Jpou ® 30U SY X papraoxd

i A i

Wi

i AT ‘l"‘\‘rly-x}f-y

"




*8$6-L£6 "dd ‘ (¥YL6T)

8Z “dE0D "YW ‘SPOYINE UTAIOTED-FITM 10J SSIVWIISS IOTINUT ‘ZIRYOS °V PUT SUOSITN °

*SL6T ‘SwWOM ‘SPOYISN JUSWRTT OITUTd JO $308dSY TEDTITWIIEH uo

wnysodmAs 3O S6UTPesSOId ‘SUCYIvWTXOIdde JUGESTS SITUT JO SOUSBIBAUCD T ‘BYIBIIN °

*8ye-9vc ‘dd ¢ (8961) TT A “Waww

-IounN ‘SUSIYWIIGA USYOSEITY S0P IWITTRWTIdO-TSEND OFP Inj EWNTISITIA UTR ‘SUOSITN °

“L961

‘stied ‘uossen ‘senbyadyrTy suoyIenby Sep SYIONL US $93D9ITQ SIPOIIN ST ‘SWORN °

*99v-LSy *dd ¢ (LL6T) T€ *dmOD ‘YIWR ‘seysewm

wiojyunuou ATYSYY uo saujllds 103 POYIW S,UTAISTED JO SOUSHISAUCD WIOFTUN ‘IDISIIEN °

*USARH MaN

‘Kyysasayun sTex ‘sousyds zeandwod jo °3deq ‘g Ixodey Yoxwessy ‘uorIvwyxoxdde

IT-ySTeTiny oyl jo A3yrewyido I U0 ‘ETITNYOS N puw Iaqy ¥ ‘3 12 -

*€8y-sLy *dd ’ (SL6T)

62 "dmo) "N ‘swerqoad enrtea Axepunoq JUTod-OA3 JO SUOTINTOS O3 suojIvwixoadde

UTYIITED J03 SSIPWIISS I0IIXS “a Tewy3do ‘uyqIyen °1 pue juodng L ‘°ar ‘serbnog

*L6T-SOT °ad ‘(9L6T) €T

‘eTeuy “IswnN °L NVIS ‘vojjerodiaqul euyrds pue SWIOFSURI} I9YINOJ O3 UOtIwoyrdde

YATA S80wds ASTOQOS UO STRUOTIOUN IVSUTT JO UOTINWTIST ‘IZSQITH °S pue aTquezg °

‘(1037p3 ‘3YZV X V) ‘SUOTY

JUIWITI NTUTS QY JO SUOTITPUNOJ TeITIPUWAYIRN YL UT POYISW JuswedYl 93ITUTd

Y3 JO UOTITPUNOJ TEOTITWBIWN 9Y3 UO S, 1 A3AIs ‘Zy2V °X °V pue exsnqed °

*gec-zee dd

‘(1L6T) 9T "YITH °IIuNN ‘POYIow JUIMBTS 3ITUFJ I0F SP q-203137 ‘exsnqed °

844}

ot}

(03]

19}

is}

(3]

[zl

m

-€€-

2 .uv“w o3uT u  jo uorydeload Juamers e3rury
Tensn oYl ST % PUF Y UO SMONUTIUCD ST ~M” .u- WH w = X 'y 9278 Arybnox serbueray
WITA U8 JO UOTIPINOUPTI) WIOJTUN-TSEND ¥ UO PIUTIIP T - 2 931b9p Jo sTerwouliod asta

~2097d SNONUTIUCD JO SOWGS JUIWITI IITUTJ Y3 ST E.“w ‘auerd ay3 ur uobitod ® ST I szeym

:.:nmux

- -
@™y a guy s ERLC TR S

sanord

®H ' [Z1] 33eyds 3JO IINSAX JUIDIX ® O3 PAJeTdX ATISO1D ST w = d ased a3 UY (Z1°9)




-se-

“LT6=-916 *dd *(€L6T) OT ‘Twuy “IownN °p NVIS ‘Swerqoad antea Azepunoq Juyod om3
3O Suotanyos 03 SuoTITWwyXordde UTYISTED I0; SIPWTISS Joirs 7 rewrado uy ‘reredum R [r1}
-

*{3uradead) °y -suywwop TeuobAjod sueyd wo 7 ur

POYIGH JUSWSTS 8ITUTF O3 Jo AITTTQeIs puw ordrourad wnwrXew 93V1DSIP YPIA V ‘ZICUDS ¥ [2T)

w
!
~..‘
g
*
;
4
3
!




£
5

e

B —

SECURITY CLASSIFICATION OF THIS PAGE (When Data Entered)

neroa'r DOCUMENTATION PAGE e e o
R O NUMBER v 2. GOVTY ACC!SS!QN NO.J 3. ENT'S CATALOG NUMBER
#1919 \/ ’//‘/ C='] .;'/'.\ et B o A 4

5. TYPE OF REPORT & PERIOD COVERED

4. TITLE (and = .
Analysis of Finite Element Methods for Second / Summary Report - no specific
reporting period

Order Boundary Value Problems Using Mesh
Dependent Norms = 6. PERFORMING ORG. REPORT NUMBER

(7. AUTHOR - CONTRACT OR GRANT NUMBE
e, - Mcs7"6-06963 MCS78-02851

DAAG29-75-C 0824, /
E(4 -1) 3443 [ m——

{

I. Babuska = J.) Osborn |

e NIZATION NAME AND ADDRESS 10. PROGRAW ELEMENT, PROJECT, TASK
o RERATOm anas iy s AREA & WORK UNIT NUMBERS

Mathematics Research Center, University of P Ml
610 Walnut Street Wisconsin

Madison, Wisconsin 53706 Numerical Analysis‘

11. CONTROLLING OF FICE NAME AND ADDRESS 1 REPORT-DRTE
/ ) Februdimyg=g979 )
See Item 18 below / pé—_——;”“",“m,

35
[T4. MONITORING AGENCY NAME & ADDRESS(!f diffesant from Controlling Office) | 15. SECURITY CLASS. (of thie report)
Vi 1| S S e e / UNCLASSIFIED
f 9: i T 15a. DECL ASSIFICATION/DOWNGRADING
SCHEDULE

16. DISTRIBUTION STATEMENT (of thie Report)

Approved for public release; distribution unlimited.

4 e . SIS

.
1/ iy
4 PR el 2 = £i L 4 { l /

17. DISTRIBUTION STATEMENT (cl the abetract -Mond in Block ‘.'0, it dl"of.nl from ﬁpoﬂ)

18. SUPPLEMENTARY NOTES

U. S. Army Research Office Department of Energy National Science Founda-
P. 0. Box 12211 Washington, D.C. 20545 tion
Research Triangle Park Washington, D.C. 20550

Noxrth Carolina 27709

19. KEY WORDS (Continue on reverae side if necessary and identity by block number)

Ritz-Galerkin; approximation; stability

20. WBSTRACT (Continue on reverse side If neceseary and identify by block number)
This paper presents a new approach to the analysis of finite element methods

based on C*<finite elements for the approximate solution of 2nd order boundary
value problems in which error estimates are derived directly in terms of two
mesh dependent norms that are closely related to the L norm and to the 2nd
order Sobolev norm, respectively, and in which there is no assumntion of quasi-
uniformity on the mesh family. This is in contrast to the usual analysis in
which error estimates are first derived in the 1lst order Sobolev norm and sub-

sequently are derived in the LJ'M norm and in the 2nd order Sobolev norm = the

AT

DD |, on'ss 1473  €oiTion OF 1 NOV 68 1 OBSOLETE UNCLASSIFIED

SECURITY CLASSIFICATION OF THIS PAGE (When Data ‘ntwo‘)( {

v e 5 M {808

JE

LAt LA




B o RPN 57 U ST 1S B s i i R N st e TP I L T AL ... B .

E | \ ABSTRACT (continued)
E :

2nd order Sobolev norm estimates being obtained under the assumption that the func-
tions in the underlying approximating subspaces lie in the 2nd order Sobolev space
and that the mesh family is quasi-uniform. ;

R e . B
R 1 s




